A Beer's law expression for the penetration depth of ultraviolet radiation in a concentrated suspension of scattering particles is used to model the depth of cure for a suspension of ceramic particles in a medium of photocurable monomers. The cure depth is predominantly controlled by the square of the refractive index difference between the ceramic particles and the medium, ⌬n 2 ϭ (n p Ϫ n 0 ) 2 . A secondary effect on the cure depth is the ratio of the interparticle spacing to the ultraviolet wavelength. Theoretical results agree with experimental data for 0.40-0.50 volume fraction ceramic-filled suspensions.
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I. INTRODUCTION
The interaction between radiation and particles has been investigated for a variety of phenomena including the scattering of visible light resulting in blue skies and red sunsets. 1 For particles that are much smaller than the radiation wavelength, scattering behavior is governed by the polarizability tensor, 2 and particles of simple shape that are much larger than the wavelength may be treated by a combination of geometric optics and Fraunhofer diffraction. 3 Complex theoretical models are needed to solve the problem for particles of intermediate size. 4 We consider here the penetration of ultraviolet ͑UV͒ radiation in a very concentrated suspension ͑containing up to 0.50 volume fraction particles͒ for which no simple expressions are available. 2 Our particular interest is the case where the particle diameter is similar to the radiation wavelength ͑dϰ͒. For this case, scattering theories describe the interaction of a single object, usually a sphere, suspended in a medium 5 and cannot be simply applied to concentrated suspensions. For example, the multi-particle scattering equations of Mie 6, 7 are limited to very dilute suspensions ͑less than 0.10 solids loading particles͒, so Mie theory does not accurately describe multiparticle interactions for highly filled suspensions.
It would be advantageous to have a simple expression to describe this radiation interaction. This is particularly relevant for photopolymerization of concentrated suspensions of ceramic powders, which has been used for freeform fabrication of ceramics by stereolithography techniques. [8] [9] [10] [11] Stereolithography produces very accurate three dimensional polymer parts [12] [13] [14] by photopolymerization of a liquid resin with a computer-controlled UV laser. The plastic object is built from a sequence of thin layers about 200 m thick. The depth of cure, D c , or the resin polymerized by the UV laser radiation is a critical parameter. A conventional resin is an absorbing medium, and the attenuation of the UV energy with depth can be accurately modeled with Beer's law:
EϭE 0 exp͑Ϫ␥L ͒ relating energy density (E) to depth (L) through the extinction coefficient ͑␥͒. The cure depth (D c ) is the distance required to attenuate E to the minimum energy density ͑E crit ͒ required for photopolymerization or gellation of the resin, so the cure depth can be described by
Thus the extinction coefficient links cure depth to laser intensity and scan speed and is a vital parameter for stereolithography.
The polymerization depth is reduced by dispersing ceramic powders in a UV-curable medium. For ceramic volume fractions above about 0.10, the cure depth is controlled by the scattering of the UV radiation. It will be shown that the cure depth of turbid ceramic suspensions can be modeled accurately with an equation of the form:
where ͗d͘ is the average particle size, ⌬n 2 is the square of the refractive index difference between the ceramic and the medium [⌬n 2 ϭ(n p Ϫn 0 ) 2 ], the volume fraction solids, E 0 the energy density, and Q is the scattering efficiency term. This equation is a Beer's law expression with an effective extinction coefficient, ␥ eff ϭ3Q ⌬n 2 /2͗d͘n 0 2 . This article will cover the general aspects of scattering in relation to particle characteristics, medium characteristics, and regions where scattering or absorption dominate. Theoretical results will be compared to experimental data for highly concentrated ceramic suspensions.
II. EXPERIMENT
Details of the experimental work are discussed elsewhere. 15, 16 This article contains the necessary information related to understanding the photopolymerization behavior of highly concentrated ceramic suspensions.
A. Ceramic suspensions
Ceramic suspensions were made by dispersing ceramic powders in UV-curable solutions. Three ceramic materials were investigated: a͒ ͑1͒ silica, a low refractive index ceramic for investment casting applications, ͑2͒ alumina, with a medium refractive index for structural ceramics, and ͑3͒ silicon nitride, a high refractive index material also used for structural ceramic applications. Table I shows the particle size, density, and refractive index for these ceramic powders. 17, 18 Two varieties of UV-curable solutions were prepared:
͑1͒ aqueous solutions using acrylamide monomers, similar to the ''gel casting'' formulation 19, 20 with the thermal initiators replaced by photoinitiators, and ͑2͒ a low viscosity diacrylate monomer, hexane diol diacrylate, similar to existing monomer resins used in stereolithography. Table II shows the refractive index values for the constituents and for the different UV-curable solutions ͑measured by Abbey refractometry͒. It was possible to vary the refractive index of the aqueous solutions by the addition of ethylene glycol as a solvent. For photopolymerization to occur, small amounts of photoinitiators, less than 2.0 wt %, were added to the UVcurable solution. The photoinitiators were matched to the long ultraviolet wavelengths ͑Ͼ300 nm͒, and the concentration chosen for the maximum depth of cure. 21 After preparing the UV-curable solution, ceramic powder was added, incrementally, and mixed in a high shear mixer. After reaching the maximum solids loading, the photoinitiators were added and the suspension mixed for approximately 5 h to ensure complete homogenization.
B. Ultraviolet exposure
Each suspension was exposed to ultraviolet radiation from either a mercury lamp or a laser. The two strongest lines emitted by the lamp, 313 and 366 nm, correspond closely to the wavelengths used in stereolithography machines, 312 nm for He-Cd and 351 nm for Ar-ion laser. Cure depths were similar whether exposed to the lamp or the laser. 16 Exposure doses ͑mJ/cm 2 ͒ were measured using a radiometer. After exposure, the polymerized ceramic film was removed from the remaining material, rinsed, and the cure depth was measured either by optical or electron microscopy.
C. Experimental results
Concentration dependence
Figures 1͑a͒ and 1͑b͒ show the concentration dependence on the cure depth for silica, alumina, and silicon nitride dispersed in a variety of UV-curable solutions. At 0.50 solids loading for the silica and alumina suspensions, the cure depth is greater than 200 m, thereby satisfying the requirements for use in stereolithography.
The cure depth, D c , is plotted against the inverse of volume fraction solids, 1/, showing linear behavior. Even though a 0.50 volume fraction silicon nitride/diacrylate suspension was not prepared, the cure depth is predicted to equal 40 m. The largest cure depths are for the silica suspensions, for which the square of the refractive index difference, ⌬n 2 , has the smallest value. However, at 0.50 solids loading, the cure depth for the alumina and silica suspensions are similar.
Dose dependence
Figures 2͑a͒ and 2͑b͒ show the dose dependence for 0.50 solids loading ceramic suspensions. As expected, the cure depth is larger as the dose increases, following Beer's law and the cure depth equation, D c . Note that the cure depth greatly increases as the square of the difference in the refractive index between silica and the aqueous UV-curable solution is reduced. At 1500 mJ/cm 2 , the cure depth changes from 250 to 700 m as ⌬n 2 changes from 0.032 to 0.014. Figure 1͑b͒ shows the cure depth versus 1/ for different particle size alumina powders dispersed in a variety of UVcurable solutions. All suspensions have a linear fit, following the expected cure depth behavior. However, the smaller particle size alumina has a larger cure depth in the aqueous solution which is contradictory to the expectation that D c ϰd.
Particle size dependence
III. THE SCATTERING EQUATION D c
Scattering theory is based upon an electromagnetic wave impinging on a single particle, with a particular refractive index and size, in a medium with a different refractive index. 2, 5 Most theories assume that the medium does not absorb the radiation, and for turbid suspensions the scattering properties will dominate the penetration depth. For multi-particle scattering, a form of Beer's law is utilized where the particles act as separate scattering centers and the scattering term is a summation of the individual scattering centers. For the summation to be valid, the distance between particles must be greater than two radii which corresponds to suspensions at solid loadings of less than 0.10 when using particles on the order of 1 m. However, there are spaces between particles which are roughly one particle radius, and therefore the summation form for multi-particle scattering will be used without much loss in validity. The general form of Beer's law is
where E 0 is the energy density ͑measured in mJ/cm 2 ͒ of the radiation at the surface of suspension, ␥ is the extinction coefficient or turbidity term, and L is the path length the radiation travels.
Two processes occur as the UV radiation travels into the highly concentrated suspension. First, and predominantly, the particles scatter the radiation. Second, the UV-curable solution absorbs part of the radiation, thereby reducing its intensity. The radiation which is not absorbed travels further into the suspension and the two processes continue until the energy of the radiation reaches a critical limit, E crit , in which the remaining radiation is absorbed by the monomer resin. This minimum energy is required for gellation of the monomer. One can describe the polymerization depth for a turbid ceramic suspension, where the path length equals the depth of cure, L→D c , and the exposure equals a critical exposure, E→E crit , where
The extinction coefficient can be described by
where ͗d͘ is the average particle diameter, is the volume fraction particles, and Q is the extinction coefficient efficiency. After substitution, the scattering equation becomes
͑2͒
Equation 2 exhibits three linear proportional relationships expected for highly turbid suspensions:
͑1͒ the cure depth versus 1/Q at fixed volume fraction and ͗d͘, ͑2͒ the cure depth versus 1/ at fixed Q and ͗d͘, and ͑3͒ the cure depth versus ln͑E 0 ͒ at fixed , ͗d͘, and Q. ͑The curves of D c vs log͑E 0 ͒ and D c vs 1/ show that the behavior of highly concentrated ceramic suspensions follows the expected relationships in Eq. ͑2͒, provided that Q does not depend on .͒ For scattering in highly turbid suspensions, the influence of the extinction coefficient efficiency, volume fraction solids, and exposure dose on the cure depth will be determined for the ceramic suspensions in this work, therefore aiding in the prediction of cure depth for any UV-curable ceramic suspension.
IV. THE EXTINCTION COEFFICIENT EFFICIENCY Q
The dimensionless function Q embodies a complex physics for scattering behavior in a dense system. In general, one might expect Q to depend on , ͗d͘, and the ratio mϭn p /n 0 , with
where xϭ͗d͘/, n p is the particle refractive index, n 0 is the UV-curable solution refractive index, and ⌬n is the difference between the two. There are several closed-form equations for Q [23] [24] [25] in terms of x and , where is related to the refractive index difference between the ceramic and the UV-curable solution
For the present case, the particle size is equal to or greater than the wavelength of radiation, so Rayleigh scattering is not appropriate for Q. 23 In the Rayleigh-Gans region, Q ray is a strong function of x and the square of the refractive index difference, ⌬n 2 , as shown in the equation below:
However, for Q ray to be valid, the term must be Ӷ1, corresponding to a small difference in the refractive indices: scattering occurs but not to a significant degree. Therefore, Q must be much less than 1.
The particle size and refractive index difference can be very large for the case of Mie scattering, where
Nevertheless, the overall magnitude of Q mie is small. The Mie Q is an oscillating function of , where for large x, Q mie approaches a value of 2. Theoretical forms for Q will be compared to experimental results using Eq. ͑2͒. By determining the scattering behavior through the term Q, the cure depth behavior for turbid ceramic suspensions will be understood. Only the silica and alumina suspensions will be discussed in detail. Results and discussions for these suspensions can be applied to the silicon nitride suspension.
A. The function Q for silica suspensions
Dependence on refractive index of the UV-curable solution
The extinction coefficient efficiency Q embodies the scattering behavior for turbid suspensions. In Table III , experimental values for Q are compared with calculated forms for all silica-UV solutions. An additional form for Q, similar to Eq. ͑3͒, will be considered, in which the predominant behavior is a scaling with the square of the refractive index difference, or Q n ϭ⌬n 2 /n 0 2 . The average particle size is used even though the silica powder has a wide particle size distribution; a more rigorous treatment of particle size effects will not change the overall trends in the cure depth behavior. 23 The value for E crit was set to 20 mJ/cm 2 for all UV-curable solutions. [26] [27] [28] Looking at Fig. 2͑a͒ , a linear fit is expected as ⌬n 2 decreases ͑e.g., D c ↑ as ⌬n 2 ↓͒. Forms of Q, which expect a large influence on the square of the refractive index difference, Q ray and Q n , show the expected linear behavior where D c is proportional to 1/Q or 1/⌬n 2 . However, the square of the refractive index difference form of Q, Q n , best matches the experimental results as shown in Table III . General observations show the Rayleigh-Gans equation for Q is not strictly valid since the values are greater than one. Mie theory will not produce a linear fit if the cure depth is plotted against 1/Q mie . So the square of the refractive index difference is the major factor influencing the depth of cure for turbid suspensions and the particle size term x 2 must be a minor influence given that the Rayleigh-Gans form for Q does not explain the scattering behavior.
Dependence on dose
From Fig. 2͑a͒ , the experimental extinction coefficient, Q exp , can be determined and compared with the three theoretical forms: Q ray , Q mie , and Q n . Table IV shows the results for the aqueous UV-curable solution with a refractive index of 1.42. Once again, the square of the refractive index difference form of Q best matches the experimental results, where Q exp ranges from 0.023 to 0.027, and Q n ϭ0.010.
The silica suspensions are best described by the square of the refractive index difference form of the scattering efficiency, Q n , where Q n ϭ⌬n 2 /n 0 2 .
B. The term Q for alumina suspensions
Dependence on refractive index of the UV-curable solution
From Table V , the magnitude of the scattering efficiency term, Q n (Qϭ⌬n 2 /n 0 2 ), best matches the experimental results for a variety of UV-curable solutions. Even though the square of the refractive index difference, ⌬n 2 , best describes the scattering behavior, it does not determine the effect of particle size. With Eq. ͑2͒ and assuming Qϭ⌬n 2 /n 0 2 , it is expected that the cure depth is proportional to the particle size, where D c ϰ͗d͘. However, the results in Fig. 1͑b͒ show the opposite effect. The term Q must include particle size effects on cure depth behavior in turbid suspensions.
Dependence on dose
From Fig. 2͑b͒ , the experimental coefficient efficiency term can be determined and compared with the three theoretical forms as shown in Table VI . Once again, the square of the refractive index difference form, Q n ϭ⌬n 2 /n 0 2 , best matches the experimental results.
The alumina results show that Q n best describes the scattering behavior for turbid suspensions but does not accurately describe the particle size effect.
V. THE Q TERM
With an understanding that the scattering efficiency Q n best describes the magnitude of the cure depth D c , it is necessary to discover other factors which influence the cure depth behavior through the term Q in Eq. ͑3͒, where
͑4͒
The term Q may be a function of the volume fraction ͑͒, the particle size (x), the dose ͑E 0 ͒, and the square of the refractive index difference ͑⌬n 2 ͒; its behavior as a function of these variables will be determined. Figure 3 shows the influence of refractive index difference on the term Q . Looking at the data for high solids aqueous silica suspensions, the value for Q varies between 2.5 and 3.0. The value rises slightly as the refractive index difference increases, or where more scattering behavior is expected. , decreases by 50% in comparison to Aq#1, there must be a transition from absorption to scattering dominated behavior as the solids content increases. This will be discussed in a later section. Note, at high solids contents, the value for Q varies between 2 and 3, similar to the results for the refractive index difference dependence.
Volume fraction dependence
Dose dependence
In Fig. 5 , the dose dependence on the term Q has similar results, where the value varies between 2.5 and 3.25. At one low dose, there is an inconsistent data point for silica in the UV-curable aqueous suspension with a refractive index of 1.38 ͑Aq#1͒. Possibly the cure depth was measured incorrectly or the polymerization behavior is quite different at low doses in this highly scattering suspension; the rest of the data for three high solids loading aqueous suspensions show similar results.
By looking at three conditions for silica suspensions, the value for Q lies between 2 and 3.
B. Experimental values for alumina suspensions
Refractive index difference dependence
The effect of the refractive index on the term Q will be discussed in relation to the particle size of alumina dispersed in the UV-curable suspensions. Table VII shows the experimental values for Q in relation to the refractive index difference for three 0.50 solids loading suspensions. The value of Q ranges between 0.131 and 0.238. As expected, the value for Q decreases when smaller particle size alumina is used in the same suspension (D c ϰ1/Q ). Figure 6 shows the dependence of volume fraction on Q , where at high solids loading, the value varies between 0.12 and 0.35 for the three solutions discussed in the previous section. All solutions have a strong dependence on volume fraction, where the scattering increases as more particles are added to the suspension.
Volume fraction dependence
Dose dependence
For alumina powder with an average particle size of 0.34 m dispersed at a solid loading of 0.50 in the aqueous suspension with a refractive index of 1.42 ͑Aq#4͒, there is an increasing value for Q as the exposure dose increases as shown in Fig. 7 . The value of Q varies between 0.080 and 0.140 as the exposure dose increases from 400 to 4000 mJ/cm 2 . The alumina suspensions show a wider range of values for Q , which is expected for the variance in the particle sizes, where 0.10ϽQ Ͻ0.35.
C. Q as a function of particle size
Without taking the particle size into account, Q ͑from Q n ͒ predicted the scattering behavior of the silica solutions, but did not accurately describe the alumina data. The results for alumina show as the particle size became finer, the cure depth increased. In contrast, Eq. ͑2͒, when Qϭ⌬n 2 /n 0 2 is substituted, predicts the cure depth should increase with increasing particle size.
For the extinction coefficient efficiency equation, QϭQ ⌬n 2 /n 0 2 , the term Q is expected to contain the particle size-wavelength relationship and its effect on the depth of cure. 2, 5 However, the behavior of turbid suspensions could not be described when the particle size was related directly to the wavelength through the term x in the Rayleigh-Gans and Mie formulas for Q. Assuming that the scattering coefficiency term Q is related to d/ is similar to scattering theories that consider one particle in a medium. 2, 5 Experimental results of turbid suspensions show that scattering is dominated by the refractive index difference, not by the particle size. Moreover, at the volume fractions considered in turbid suspensions, the relationship to be considered is the interparticle spacing, not the particle size. The spacing between particles will affect how the radiation penetrates the suspension, where interference effects as well as absorption by the photoinitiator͑s͒ determine the cure distance. This interference phenomenon is complicated 29, 30 and cannot be described with simple formulas. With radiation traveling from a variety of directions through an array of finely spaced particles, the resulting interference pattern is difficult to describe and beyond the scope of basic theory.
Using simple cubic packing, the median particle size for ceramics in this study, and a 0.50 solids loading, the interparticle spacing, S, is calculated in Table VIII . For the silica suspensions with a large particle size, the interparticle spacing is 950 nm, which is several times larger than the UV wavelength. For the alumina suspensions using fine particles, the spacing varies from 140 to 250 nm which is less than the UV wavelength. With Q ϰS/ and ϭ366 nm, Q Ͼ1 for the silica suspensions ͑coarse powder͒, and Q Ͻ1 for the alumina suspensions ͑fine powders͒.
Also shown in Table VIII , are the experimental values for Q from the data using Q . The value of Q is difficult to understand in terms of d/, but in terms of S/, turbid suspensions can be described by Eq. ͑2͒. For example, the silica suspensions are described by Eq. ͑2͒, when the value of Q is between 2 and 3. With Q ϭS/, the value of Q ϭ2.59.
In the case of alumina, the value of Q must be roughly between 0.10 and 0.35 for 0.50 solids loading suspensions, and with Q ϭS/, the calculated range is 0.39ϽQ Ͻ0.69. This reasonably describes the alumina suspensions, where the interparticle spacing dominates over particle size in predicting the depth of cure. Moreover, the difference in cure depth related to particle size can be explained using the particle spacing, S, where smaller particle size results in a smaller Q value, and therefore the cure depth increases. Even though the silicon nitride data has not been discussed, Table VIII shows that Q ϭS/ reasonably describes the scattering behavior for this highly turbid suspension. Note, the square of the refractive index difference, ⌬n 2 , is still the major determinant for the magnitude of the depth of cure.
VI. DISCUSSION
A. Quantitative prediction of D c
With Qϭ⌬n 2 /⌬n 0 2 , the magnitude o f the cure depth can be predicted f or high solids loading turbid suspensions. However, by looking at the curves in Figs. 5 and 7 , there is a noticeable e f f ect that the dose has on the value Q . Moreover, the volume fraction dependence shows different behaviors in Figs. 4 and 6. The theoretical equation for turbid suspensions describes the cure depth behavior well, but an absorption term should be included, where the absorption term would describe behaviors related to the absorption limited region and/or dilute limit in these suspensions and is dependent upon the photochemistry of the UV-curable solution. To determine this behavior, polymerization research at low volume fractions must be investigated.
We propose a general scattering equation that describes the cure behavior for nonabsorbing ceramic powders dispersed in ultraviolet curable solutions:
This model of scattering behavior is a simple model for understanding the magnitude of the cure depth for turbid suspensions where absorption does not play a major role. Refinement of the model is best handled, first by the addition of an absorption term. Further physical understanding of the cure depth behavior should consider more complex theories. For example, diffuse wave spectroscopy 30 is not constrained to low volume fractions for the description of radiation traveling through a suspension. This theory can describe the scattering behavior of concentrated suspensions, but needs to include an absorption term for the polymerization of the medium. Further research will refine the basic model in this work and incorporate other theories. Figure 8 shows the refractive index versus density for a variety of ceramic materials. Superimposed on the graph are the refractive indices for water, the diacrylate, and methyl naphthalene. Water represents a low refractive index solvent and methyl naphthalene has one of the highest refractive indices for common solvents which are not too chemically hazardous.
B. Predicting cure depth for other ceramics
Quartz silica is a ceramic material with a low refractive index, thereby achieving large cure depths at high solids loadings when dispersed in aqueous UV-curable solutions. With silicon nitride acceptable cure depths ͑D c ϭ200 m stereolithography requirement͒ were not achievable due to the large refractive index difference between the ceramic and diacrylate. If the theoretical scattering equation is fit to the experimental data at 0.50 volume fraction solids so as to calculate the absolute cure depth ͑40 m͒, one can determine the refractive index needed to obtain a cure depth of 200 m at large doses. The value for the UV-curable solution would be 1.66, and methyl naphthalene is a good candidate. By tuning the refractive index difference, the cure depth can be modified to the user's choice.
VIII. CONCLUSIONS
The effective Beer's law equation ͓Eq. ͑2͔͒ accurately describes the cure depth behavior for highly turbid, ultraviolet-curable suspensions, with linear proportional relationships for cure depth versus 1/ and cure depth versus log͑E 0 ͒. This validates the derivation of the scattering equation using Beer's law as a starting point.
For the extinction coefficient efficiency term Q, QϭQ (⌬n 2 /n 0 2 ), best represents the data as the factor controlling the depth of cure. Neither the Rayleigh-Gans nor Mie formulas predict the scattering behavior. With Qϭ⌬n 2 /n 0 2 inserted into the scattering equation, the magnitude of expected cure depth for any nonabsorbing ceramic powder dispersed in the aqueous or diacrylate solution can be predicted.
For turbid suspensions, scattering-limited cure depths do not appear to be simply related to particle size. Rather, the interparticle distance, S, appears to influence the resulting cure depth through the term Q , where Q ϰS/.
